. . . , The Bender method in groups 

O '■ of finite Morley rank 



Jeffrey Burdges * 
O [ Fakultat fiir Matheinatik 

Universitat Bielefeld 
f^^ ■ D-33501 Bielefeld, Germany 

CN , burdges@math.rutgers.edu 



> 



^ 



> 

(N 

in 



P^ ; February 2, 2008 

P 

r^ . The algebraicity conjecture for simple groups of finite Morley rank, also 

"t^ I known as the Cherlin-Zilber conjecture, states that simple groups of finite Mor- 

ley rank are simple algebraic groups over algebraically closed fields. In the last 
15 years, the main line of attack on this problem has been Borovik's program 
of transferring methods from finite group theory. Borovik's program has led 
to considerable progress; however, the conjecture itself remains decidedly open. 
In Borovik's program, groups of finite Morley rank are divided into four types, 
odd, even, mixed, and degenerate, according to the structure of their Sylow 2- 
subgroup. For even and mixed type the algebraicity conjecture has been proven. 
The present paper is part of the program to bound the Priifer rank of minimal 
simple groups of finite Morley rank and odd type. 

In [1], Cherlin and Jaligot achieved a bound of Priifer rank two for tame 
t^^ . minimal simple groups. Here a group of finite Morley rank is said to be tame if 

^^ ' it does not involve a field of finite Morley rank with a proper infinite definable 

subgroup of it's multiplicative group. Cherlin, Jaligot, and the present author 
will bound the Priifer rank at two in [2]. 

Tameness is used in two important ways in [1]. The final number theoretic 

C^ ' contradiction of [1] uses tameness in an essential way, and [2] will completely 

replace this argument. However, the very first use of tameness in [1] produces 

the following fact, which shows that intersections of Borel subgroups are abelian. 

Jaligot's Lemma ([1, Lemma 3.11]). Let G be a tame minimal connected sim- 
ple group of finite Morley rank. Let Bi and B2 be two distinct Borel subgroups 
ofG with 0{Bi) ^ 1 and 0{B2) + 1. Then F[Bx) n ^(^2) = 1. 

The present paper examines the worst violations of Jaligot's Lemma in the 
nontame context, i.e. those involving nonabelian intersections of Borel sub- 
groups. We fail to exclude such nonabelian intersections outright, but we gain 
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much information about the specific local configuration responsible for non- 
abelian intersections. 

In the context of minimal simple groups, the present paper provides a analog 
of Bender's Uniqueness Theorem [3, Thm. 28.2] (see also [4, Ch. 5] and [5, §9]), 
a result underlying the Bender method [3, §28] of analyzing the maximal sub- 
groups containing the centralizer of an involution. Both the Bender Uniqueness 
Theorem and the present paper provide information about the normalizers of 
various subgroups of the intersection of two distinct maximal subgroups. How- 
ever, our situation will be simplified by two facts: torsion behaves extremely well 
(see §2), and our "torsion- free primes", so-called reduced ranks, are naturally 
ordered by their degree of unipotence (see Fact 1.16). 

In [2], much of the information about this nonabelian configuration, plus 
analysis of the relevant abelian intersections, is used to prove the following. 

Theorem. Let G be a minimal connected simple group of finite Morley rank 
and odd type with a strongly embedded subgroup. Then G has Prujer rank one. 

One proves the bound on Priifer rank by showing that simple groups of finite 
Morley rank and Priifer rank at least three have strongly embedded subgroups 

[6]. 

The bulk of this paper consists of the analysis of nonabelian maximal inter- 
sections of Borel subgroups in a minimal connected simple group of finite Morley 
rank (see §3). A priori, the analysis of these maximal intersections yields only 
a limited description of nonmaximal intersections. 

Proposition 4.1. Let G he a minimal connected simple group oj finite Morley 
rank. Let Bi , B2 be two distinct Borel subgroups of G, and H a connected 
subgroup of the intersection Bif] B2. Then the following hold. 

1. H' is rank homogeneous for r' := fo{H'). 

2. Every connected nilpotent subgroup of H is abelian. 

3. Fr'{H) = UQ_r'{H) is a Sylow Uq^' -subgroup of H . 

(etc.) 

In high Priifer rank, the experience of [2] suggests that Proposition 4.1 itself 
is insufficient, but that the results of §3 which describe the configuration arising 
from maximal nonabelian intersections are sufficient. In practice, these results 
can be used because of the following equivalence between different characteri- 
zations of nonabelian maximal intersections. 

Theorem 4.3. Let G be a minimal connected simple group of finite Morley 
rank, and let Bi,B2 be two distinct Borel subgroups of G. Suppose that H := 
{Bi n B2)° is nonabelian. Then the following are equivalent. 

1. Bi and B2 are the only Borel subgroups of G containing H. 

2. Lf Bg, and B4 are distinct Borel subgroups of G containing H , then 
(B^r\Bi)° =H. 
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3. If Bt, =/= Bi is a Borel subgroup containing H, then [B^i n -64)° = H. 
4- Cq{H') is contained in Bi or B2. 

5. Bi and B2 are not conjugate under Cq{H'). 

6. fo(Bi)7^fo(B2). 

The results presented here do not assume the presence of 2-torsion. As such, 
we expect these resuhs to play a significant role in the study of both odd and 
degenerate type groups. 

The paper begins by recalling the necessary background in §1, including the 
definition of 0-unipotence. Section 2 proves Jaligot's Lemma for Borel subgroups 
with p-unipotcnt radicals, and thus eliminates most concerns with connected 
torsion. Section 3 carries out the core of our analysis of a maximal nonabelian 
intersection of Borel subgroups. Section 4 proves the equivalence of the various 
notions of nonabelian maximal intersection (sec Theorem 4.3), and summarizes 
the results of Section 3 in that context (see Theorem 4.5). Section 5 discusses 
possible some future directions related to Carter subgroups. 



1 Background 

1.1 Unipotent groups 

While there is no intrinsic definition of unipotence in a group of finite Morley 
rank, there are various analogs of the "unipotent radical" : the Fitting subgroup, 
the p- unipotent operators Up, forp prime, and their "charateristic zero" analogs 
C/o.r from [7, 6]. We recall their definitions. 

Definition 1.1. The Fitting subgroup F(G) of a group G of finite Morley rank 
is the subgroup generated by all its nilpotent normal subgroups. 

The Fitting subgroup is itself nilpotent and definable [8, 9, 10, Theorem 
7.3], and serves as a notion of unipotence in some contexts. However, since 
the Fitting subgroup of a solvable group may not be contained in the Fitting 
subgroups of a solvable group containing it, it is not a robust notion. 

Fact 1.2 ([10, Cor. 9.9, Thm. 9.21]). Let G be a connected solvable group of 
finite Morley rank. Then G' < F°{G) and G/F°(G) is a divisible abelian group. 

Fact 1.3 ([11, Lemma 4.20]; compare [10, Ex. 3 p. 148]). Let G be a connected 
solvable group of finite Morley rank, and let T be a divisible torsion subgroup of 
G. Then T D F{G) is central in G 

Definition 1.4. A subgroup of a connected solvable group H of finite Morley 
rank is said to be p-unipotent if it is a definable connected p-group of bounded 
exponent. 
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Fact 1.5 ([1, Cor. 2.16]; [12, Fact 2.36]). Let H be a connected solvable group 
of finite Morley rank. Then there is a unique maximal p-unipotent subgroup of 
H, denoted UpiH), and Up{H) < F°{H). 

The p-unipotcnt radical Up will automatically behave well under intersec- 
tions with other solvable groups. 

Fact 1.6 ([10, Thni. 9.29 and §6.4]). Let G be a connected solvable group of finite 
Morley rank. Then a Sylow p- subgroup P of G is connected, and P = Up{G)*T 
for a divisible abelian p- group T . 

The present paper relies on the theory of "characteristic zero" unipotence 
introduced in [7]. We now turn our attention to this (long) definition, as well 
as some facts from [7, 13, 6]. 

We say that a connected abelian group of finite Morley rank is indecompos- 
able if it has a unique maximal proper definable connected subgroup, denoted 
J{A). 

Fact 1.7 ([7, Lemma 2.4]). Every connected abelian group of finite Morley rank 
can be written as a finite sum of definable indecomposable abelian subgroups. 

Definition 1.8. We define the reduced rank f{A) of a definable abelian group 
A to be the Morley rank of the quotient A/J{A), i.e. f{A) := vk{A/J{A)). For 
a group G of finite Morley rank, and any integer r, we define 



U^AG) = {A<G 



j4 is a definable indecomposable group, 
f{A) = r, and A/ J{A) is torsion-free 

We say G is a Uo^r-group (alternatively {Q,r)-unipotent) if C/o,r(G) = G. The 
0-unipotent radical Uq{G) is the nontrivial Uo^r{G) with r maximal. We also set 
fo(G) = max{r | C/o,.(G) ^l}.SoUo{G)^ Uo,ro(G){G). 

As a notational convention, wc define Fr{G) — Uo.r{F{G)), and use i^tor(G) 
to denote the definable closure of the torsion subgroup of F{G). 

We view the reduced rank parameter r as a scale of unipotence, with larger 
values being more unipotcnt. By the following fact, the "most unipotent" 
groups, in this scale, are nilpotent. 

Fact 1.9 ([6, Thm. 2.21]; [7, Thm. 2.16]). Let H be a connected solvable group 
of finite Morley rank. Then Uq{H) < F{H). 

Fact 1.10 ([13, Lemma 2.5]). Let H be a connected solvable group of finite 
Morley rank. Let r be the maximal reduced rank such that Uo_r{H) ^ Zn{H) for 
all n. Then UoAH) < F{H). 

The two preceding facts prove nilpotence of UQ,r{H) for the largest values 
of r. However, H may intersect a solvable group K with f(){K) > fo{H). Many 
other facts about f/o.r-groups hold for arbitrary values of r 
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Fact 1.11 ([6, Lemma 2.12]; [7, Lemma 2.11]). Let f : G ^ H be a definable 
homomorphism between two groups of finite Morley rank. Then the following 
hold. 

L (Push-forward) f{Uo_r{G)) < Uo^r{H) is a JjQ^r-gi'oup. 

2. (Pull-back) IfUo.r{H) < f{G) then f{Ua^r{G)) = Uo.r{H). 

In particular, an extension of a U{)_r-g'roup by a JjQ^r-gi'oup is a UQ_r-group. 

Fact 1.12 ([6, Lemma 2.26]; compare [13, Lemma 2.3]). Let G be a nilpo- 
tent group of finite Morley rank satisfying Uo^r{G) =/= I or Up{G) =/= 1. Then 
Uo,r{Z{G)) i- 1 or Up{Z{G)) y^ I, respectively.' 

We have a 0-unipotent analog of the connected normahzer condition of [10, 
Lemma 6.3]. 

Fact 1.13 ([6, Lemma 2.28]; [13, Lemma 2.4]). Let G be a nilpotent UQ_r-group 
of finite Morley rank. If H < G is a definable subgroup then Uo_r{NG{H) / H) > 
1. 

Our next result generalizes the fact that a finite nilpotent group is the prod- 
uct of its Sylow p-subgroups. 

Fact 1.14 ([13, Cor. 3.6]; [6, Thm. 2.31]). Let G be a connected nilpotent 
group of finite Morley rank. Then G = D * B is a central product of definable 
characteristic subgroups D, B < G where D is divisible and B is connected of 
bounded exponent. Let T be the torsion part of D. Then we have decompositions 
of D and B as follows. 

D = d{T)*Uo,i{G)*UQAG)*--- 
B = U2{G) X Ua{G) x U^iG) x • • ■ 

Here d{T) denotes the definable closure of T, which is defined to be the 
intersection of all definable subgroups containing T . 

Fact 1.15 ([6, Lemma 2.32]; [13, Cor. 3.7]). Let G be a solvable group of finite 
Morley rank, let S '^ G be any subset, and let H be a nilpotent UQ^r-QToup which 
is normal in G. Then [H, S] < H is a Uo^r-g^oup. 

Olivier Frecon has improved this result in [14]. 

Our next fact says that "more unipotent" groups do not act on "less unipo- 
tent" groups. 

Fact 1.16 ([13, Lemma 4.4]; see also [15, Cor. 3.8]). Let G == HT be a group 
of finite Morley rank with H <\G a nilpotent Uo^r-g^'oup and T a nilpotent Uo,s- 
group for some s > r. Then G is nilpotent. 

In [16], Wagner showed that fields of finite Morley rank and characteristic 
p =/= have no torsion free sections of their multiplicative groups [16]. The 
Zilber Field Theorem [10, Theorem 9.1] allows us to rephrase Wagner's result 
as follows. 



J. Burdges 



Fact 1.17 ([13, Lemma 4.3]). Let G be a connected solvable group of finite 
Morley rank. Suppose that S is a nilpotent Uo^r-subgroup of G, and that G = 
Up{G)S for some p prime. Then G is nilpotent, and [Up{G), S] — 1. 



1.2 Toral groups 

Definition 1.18. A definable subgroup C of a group G of finite Morley rank 
which is nilpotent and almost self-normalizing in G is called a Carter subgroup 
ofG. 

The following result is a summary, in order, of [17, Proposition 3.2], [17, 
Corollary 4.8], [18, 19, Theorem 5.5.12], and [17, Corollary 7.15]. 

Fact 1.19. Let H be a connected solvable group of finite Morley rank. Then 
the following hold. 

1. H has a Carter subgroup. 

2. The Carter subgroups of H are the definable nilpotent subgroup of H 
with N'j!j{Q) = Q. In particular, Carter subgroups of H are connected. 

3. The Carter subgroups of H are conjugate in H. 

4-. The Carter subgroups of H cover H/H' . 

5. Let R be a Sylow p-subgroup of H . Then Nh{R) contains a Carter 
subgroup of H . 

Definition 1.20. A Sylow Uo^r-subgroup of a group G of finite Morley rank is 
a maximal definable nilpotent C/o.r-subgroup of G. 

Sylow [/o,r-subgroups are an analog of Carter subgroups in the following 
sense. 

Lemma 1.21 ([6, Lemma 4.18]; [13, Lemma 5.2]). Let H be a group of finite 
Morley rank. Then the Sylow Uo,r-subgroups of H are exactly those nilpotent 
Uq^t- subgroups S such that Uo,r{NG{S)) = S. 

Fact 1.22 ([6, Lemma 4.19]; [13, Thm. 5.7]). Let H be a connected solv- 
able group of finite Morley rank and let Q be a Carter subgroup of H . Then 
Uo.r{H')Uo^riQ) is a Sylow Uo,r-subgroup of H , and every Sylow Uo^r-subgroup 
has this form for some Carter subgroup Q. 

Fact 1.23 ([6, Thm. 4.16]; [13, Thm. 5.5]). Let H be a connected solvable group 
of finite Morley rank. Then the Sylow Uo^r-subgroups of H are H -conjugate. 
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2 j9-Unipotence 

In this section, we show that intersections of the Fitting subgroups of distinct 
Borel subgroups are torsion free, and thus eUminate many concerns about tor- 
sion from the main analysis to foUow. The arguments of this section are based 
directly on the original proof of Jaligot's lemma [1, Lemma 3.11] (see introduc- 
tion). 

Lemma 2.1. Let G be a minimal connected simple group of finite Morley rank. 
Let Bi, B2 he two distinct Borel subgroups satisfying Up. (Bi) ^ 1 for some prime 
Pi (i = 1, 2). Then F{Bi) n ^(^2) = 1- 

Proof. Wc first show that Up{Bi D B2) = 1 for all p, prime. Suppose toward 
a contradiction that X :— Up{Bi n B2) ^ 1. We may assume that rk(X) is 
maximal among all choices of Bi and i?2. Let i? be a Borel subgroup of G 
containing Nq{X). 

We now show that B, = B ioi i = 1,2. If X = Up{Bi), then B > 
NQ{Up{Bi)) — Bi, and B = Bi. So we consider the case where X < Up{Bi). 
By Fact 1.5, the group Up{Bi) is nilpotent. By the normalizer condition [10, 
Lemma 6.3], 

X<Up{Nl,^^s,)iX))<Up{B). 

Since _B is a Borel subgroup containing N?j ,g JX), Bi ^ B hy the maximality 
of Tk{X). Thus Bi= B = B2, a contradiction. So Up{Bi n B2) = 1- 

We now prove the lemma. Suppose toward a contradiction that there is 
an / e F{Bi) n F{B2) with / ^ 1. By Fact 1.12, Z, := Up^{Z{F{B,))) is a 
nontrivial ?7p. -subgroup of Z{F{Bi)) for i = 1,2. Let i? be a Borel subgroup 
containing c\(f). As Z, < Z{F{B,)) < G^{f) for i = 1,2, we find Z^ < 
Up^ {B, n B) for i = 1, 2. Thus Bi = B = B2 hy the first part. D 

The above conclusion holds, with a similar proof, if we replace Up by t/o.ro(G); 
however, one does not know that all Borel subgroups satisfy fo{B) = fo(G), just 
as one does not know that Up{B) ^ 1. These techniques can be extended to 
eliminate all torsion from the intersection of the Fitting subgroups. 

Corollary 2.2. Let G be a minimal connected simple group of finite Morley 
rank. Let Bi,B2 he two distinct Borel subgroups of G. Then F{Bi) C]F{B2) is 
torsion free. 

Proof. Suppose towards a contradiction that, for some prime p, there is a non- 
trivial Sylow p-subgroup P of X :— F{Bi)r\F{B2). We may assume Up{B2) = 1 
by Lemma 2.1. So P is central in B2 by Fact 1.3, and hence Cq{P) = B2. If 
Up{Bi) = 1 too, then P is central in Bi by Fact 1.3. Thus Up{Bi) ^ 1. Let R 
be a Sylow p-subgroup of Bi containing P. By Fact 1.6, R = Up{Bi) * T for 
some divisible abelian p-group T. By Fact 1.12, Y := Up{Gij [Bi){P)) ¥" 1- But 
y < ^2, a contradiction. D 
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3 Maximal intersections 

In this section, we analyze intersections of Borel subgroups which are maximal 
in the sense of the following definition. 

Definition 3.1. Let G be a minimal connected simple group of finite Morley 
rank, and let Bi, B2 be two distinct Borel subgroups of G. We say that H := 
(i?ini?2)° is a maximal intersection ii H is maximal among all choices of distinct 
Borel subgroups Bi and ,62 • In this situation, we refer to Bi,B2 as a maximal 
pair of Borel subgroups of G. 

The analysis of maximal intersections will not always directly produce infor- 
mation about general intersections of Borel subgroups. One hopes to produce 
results which translate down, in some form, to nonmaximal intersections. For 
example, our lives would be simple if the intersection H turned out to be abelian. 
However, such a simple analog of Jaligot's Lemma eludes us. Instead, we dis- 
cover a plausible nonabclian maximal configuration, which this section explores 
in detail. 

In the specific case of [2], the configuration below survives until the end of 
the analysis, and eventually dies for the same reasons as the case of an abelian 
intersection does. Since roughly half of the facts below are important in [2] , we 
view them collectively as a machine for handling nonabelian intersections. 

Throughout this section, we consider a minimal connected simple group G 
of finite Morley rank, and a maximal pair Bi , B2 of Borel subgroups of G which 
violate Jaligot's Lemma. 

Hypothesis 3.2. We assume the following. 

a. G is a minimal connected simple group of finite Morley rank. 

b. Bi and B2 are a maximal pair of Borel subgroups of G. 

c. The intersection F{Bi) n F{B2) of their Fitting subgroups is nontrivial. 
Notation 3.3. We also adopt the following notation. 

a. H := (Bi n i?2)° denotes the maximal intersection. 

b. X := F{Bi) n F{B2) denotes the intersection of the Fitting subgroups. 

c. r' :— fo{X) denotes the reduced rank of X. 

In addition, we frequently discuss the reduced rank r' piece Y :— Fr'{H) of 
the Fitting subgroup of H . A Carter subgroup Q oi H will also play a central 
role. 

We observe that fo{H') = r' ii H' ^ 1 by Theorem 3.10 below, which 
explains our choice of notation. 
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3.1 Examples 

Before beginning our analysis in §3.2, we describe a few "nearly algebraic" 
configurations which survive. This material will not be used below, but may 
shed some light on our goals. 

We consider two Borel subgroups Bi and B2 such that H := {Bi n £2)° 
is a maximal intersection. We suppose that fo(i?i) > fo{B2), and that H 
is nonabclian. The "light" Borel subgroup B2 could be the group of upper 
triangular 3x3 matrices over an algebraically closed field k of characteristic 
zero, and say of determinant one. The important requirement here is that 
F{B2) is nonabelian. 

It will be shown that in fact fo(i?i) > fo(i?2)- After breaking the symmetry 
in this way, it turns out that there are striking differences between the "heavy" 
Bi and the "light" B2. In particular, the Borel subgroup B2 can be algebraic 
over an algebraically closed field k of characteristic zero, while Bi necessarily 
interprets a bad field. 

One way to proceed is as follows. Let B2 be the subgroup of upper triangular 
3x3 matrices with an = a^^ = 1. 



B2 = 



So B2 — U yi T where U is the (unipotent) group of strictly upper triangular 
matrices, and T is a one dimensional torus. 

Before specifying Bi, we need to choose H = {Bir\B2)° so that H — Ng(H') 
and F{H) is abelian. A suitable choice of H is the subgroup of B2 given by 
a23 = 0. Then H = F{H) x T with F{H) ^ H' x Z{U). 





One possibility for Bi would be the direct product 

Bi = [H' X T] X [Uo{Bi) X Z{U)] 

where H' xT behaves as it does in i?2, while Z{U) has become part of a bad 
field, and Uo{Bi) is an additive group of larger reduced rank. 

In the above situation, a Carter subgroup Q = T x Z{U) of i/ is a Carter 
subgroup of both Bi and i?2. We will see below that Q will always be a Carter 
subgroup of Bi . However, a Carter subgroup of H need not be a Carter subgroup 
of B2, in general. 

For example, we may take B2 to be the Borel subgroup of SL3(fc). Here 
we must take H' to be a one dimensional unipotent subgroup of B2 which is 
normalized by some one dimensional torus T, but not by the full torus. As 
above, H = Nb^H') and T = (H' x T) x Z{U). Indeed, Q = T x Z{U) is a 
Carter subgroup of H, but Z{U) is no longer part of a Carter subgroup of B2, 
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and T is a proper subgroup of a Carter subgroup of B2. As a consequence T 
may not centralize Uo{Bi). Indeed, the Carter subgroup Q ^ T x Z{U) of H 
(and Bi) may be the full multiplicative group of a bad field, while only T acts 
on H'l 



3.2 Rank homogeneity of X 

We have two goals in the first stage of the analysis. First, we will show that 
f(){Bi) ^ fo(i?2), a key fact in the remainder of the analysis. Second, we will 
show that the subgroup X := F{Bi) n F{B2) is rank homogeneous in the sense 
of the following definition. 

Definition 3.4. A group K of finite Morley rank is said to be rank homogeneous 
if K is torsion free and Uo,r(K) = 1 for r ^ fo{K). 

We observe that X <] H, and that H' < X. So rank homogeneity of X will 
imply r' = fo{H') too, if H' ^ 1. Clearly r' > by Corollary 2.2. In particular, 
ro{H) > 

To begin our analysis, we may assume that 

ro{Bi) > ro{B2). * 

As a first step, the normalizer condition shows that the reduced rank must 
grow on one side of our intersection. 

Lemma 3.5. fo{H) < fo(Si) 

Proof. Suppose toward a contradiction that ro{H) — fo(i?i). Since fo{H) < 
''o(-B2) < ro{Bi) by our assumption, all are equal and Uq{H) < Uo{Bi)r\Uo{B2). 
Let B3 be a Borel subgroup of G containing NQ{Un{H)). 

We now show that B, = B3 for i = 1,2. If Uq{H) = Uq{B^), then B3 > 
N^iUoiH)) = B„ and B3 = B,. So we suppose that Ua{H) < Uo(Bi). By Fact 
1.9, Un{Bi) is nilpotent. By Fact 1.13, 

U^{H) < Uo,ro(H)iNuo(B,){Uo{H)) < B3. 

Since Uo{H) <\ H, (Bi n B^)" > H. By maximality of H, Bi = B3 here too. 
Thus Bi = B^ = B2, a, contradiction. D 

Starting with our next lemma, we use the decomposition of nilpotent groups, 
given in Fact 1.14, to "blow up" the centralizers of various subgroups of H. This 
is a variation on the normalizer condition based argument used above. 

Some of our next lemmas use the decomposition of nilpotent groups (Fact 
1.14) instead of the connected normalizer condition of [10, Lemma 6.3]. Such 
arguments resemble the use of Fact 1.3 in Corollary 2.2. 

Lemma 3.6. fo{H) ~ ^0(^2) 
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Proof. Suppose toward a contradiction that fo{H) < fo(-B2)- Since Uo{X) ^ 1 
by Corollary 2.2, there is a Borel subgroup B^ of G containing Nq{Uo{X)). Since 
Uo{X) <\ H, we have H < B^. Since fo{H) < fQ{Bi) for i ~ 1,2 by Lemma 
3.5 and our hypothesis, we have UoiB,) < C^{Uo{X)) < B3 by Fact 1.14. So 
{Bi f] B^)° > H ior i — 1,2, and hence Bi = Br^ = B2, a, contradiction. D 

So fo(i?i) > ^o(i?2) by Lemmas 3.5 and 3.6. In the event that H is non- 
abelian, this rank inequality prevents other Borel subgroups from containing 
H. 

Proposition 3.7. If H is nonahelian, then Bi and B2 are the only Borel sub- 
groups eontaining H . 

Proof. Suppose toward a contradiction that there is a Borel subgroup B3, dis- 
tinct from Bi and B2, which contains H. By the maximality of H, (i?i flBa)" = 
H and (520^3)° = H. Since H' < ^(^3), the maximal pairs Bi, B3 and S3, B2 
satisfy Hypothesis 3.2. Since fo(-Bi) > ro(H) by Lemma 3.5, foiB^) ~ ra{H) 
by Lemma 3.6. But, since fo(-B2) = ro{H) by Lemma 3.6, fo(i?3) > fa{H) by 
Lemma 3.5, a contradiction. D 

The groups Bi and B2 are not conjugate, since fo(i?i) > fo{B2), a point 
exploited by the following lemma. 

Lemma 3.8. F°{Bi) ^ H for i ^ 1, 2. 

Proof. Since fo{H) < fo{Bi) by Lemma 3.5, we have F°{Bi) ^ H. Suppose 
toward a contradiction that F°{B2) < H. Then H <\ B2 by Fact 1.2. So 
H < Bi O Bf ior g G B2\Bi, contradicting Lemmas 3.5 and 3.6. D 

Our analysis hinges upon understanding the behavior of the normalizers of 
various C/o.r'-subgroups of H. 

Lemma 3.9. For any nontrivial definable Xi < X with Xi <\ H , we have 
N^{Xi)<Bi. 

Proof. Let B3 be a Borel subgroup containing Nq(Xi). Then H < B3. Since 
fo{H) < fo{Bi) by Lemma 3.5, Fact 1.14 yields C/o(Bi) < C^{Xi) < B3; and 
thus (Bi nB3)° > H. By the maximality of H, Bi = B3. So N°{Xi) < Bi. D 

In particular, the previous two lemmas show that X n Z{F{B2)) = 1. 
Our results now diverge from the conclusions of Bender's Uniqueness Theo- 
rem [3, Thm. 28.2] in that only one "prime" may occur in X . 

Theorem 3.10. X is rank-homogeneous. In partieular, X — Uo{X). 

Proof. By Corollary 2.2, X is torsion free. Suppose toward a contradiction that 
UQ^r{X) ^ 1 for some r < r'. By Fact 1.14 and Lemma 3.9, 

F{B2) < C°{U„y{X))C°{U„AX)) < Bi 

and F(i?2) < H, contradicting Lemma 3.8. Hence X = Uo{X). D 
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3.3 Fitting subgroup of B2 

Our next goal is to understand the Fitting subgroup of i?2- In particular, we 
will determine which factors of F{B2) are contained in H . 

Lemma 3.11. F°{B2) is divisible, and F°^^{B2) < Z{H). 

Proof. Of course, Up{B2) < i^tor(^2) by Fact 1.5. By Theorem 3.10 and Fact 
1.14, F°^^{B2) < N°{X). Since N°{X) < Bi by Lemma 3.9, F°^^{B2) < H. 
So Up{B2) < H and F°^^{B2) < F°{H). But Up{H) = 1 for all primes p, by 
Lemma 2.1. By Fact 1.6, F°{B2) is divisible. So F°^^{B2) is central in H by 
Fact 1.3. D 

Lemma 3.12. ^^(^2) < Z{H) for r ^ /. 

Proof. By Fact 1.14 and Theorem 3.10, ^^(^2) < Cg(X). Since Cg,(X) < Bi 
by Lemma 3.9, Fr{B2) < H. Since Fr{B2) is normalized by iJ < B2, we have 
Fr{B2) < F{H). By Fact 1.15 and Theorem 3.10, 

[H, Fr{B2)] < UoAH') < UoAX) = 1 □ 

We know that one part of the Fitting subgroup of B2 is not contained in H . 

Lemma 3.13. Fr'{B2) ^ H is not abelian. 

Proof By Lemma 3.8, F°{B2) t H. Since F°^^{B2) < H hy Lemma 3.11, 
FsiB2) t H for some s by Fact 1.14. So Fr>{B2) ^ H hy Lemma 3.12. Since 
Nq{X) < Bi by Lemma 3.9, Fr'{B2) is not abelian. D 

Lemmas 3.12 and 3.13 tell us that r' is uniquely determined by B2. 

Corollary 3.14. Fr{B2) is nonabelian iff r = r' . 

Proof. Immediate from Lemmas 3.12 and 3.13. D 

The first two lemmas of this section give us a measure of control over the 
large reduced ranks in B2. 

Lemma 3.15. U0AB2) < ^(-82) for r > r' . 

Proof. Let A be an indecomposable C/o,r-subgroup of B2. Since r > r' , the 
group A- Fr'{B2) is nilpotent by Fact 1.16. By Fact 1.14, A centralizes Fr'{B2), 
including X. So A < iJ by Lemma 3.9. By Lemma 3.11, A centralizes F^^^{B2). 
By Lemma 3.12, A centralizes Fs{B2) for s ^ r' . So A centralizes F°{B2) by 
Fact 1.14, and hence A ■ F°{B2) is nilpotent. By Fact 1.2, A ■ F°{B2) < S2, and 
hence A < F{B2). U 

In particular, Fr{B2) = f/o,r(-B2) is the unique Sylow t/o,r-subgroup of H. 
We also observe that, if H contains a Carter subgroup of i?2, then r = r' is the 
maximal reduced rank such that UQ,r{H) ^ Z{H), and hence f/o,r' (^2) < F{B2) 
too, by Fact 1.10. One may hope to show that f7o.r'(^2) < F{B2) without 
assuming that H contains a Carter subgroup of B2. 
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3.4 Structure of H 

We now turn our attention towards various subgroups of H. First, if we restrict 
ourselves to Uo,r'{H), the argument of Lemma 3.15 applies to the reduced rank 
r' itself. 

Lemma 3.16. Uo,r'{H) < F{B2). In particular, Fr'{H) = UQy{H) is the 
unique Sylow Uo,r' -subgroup of H , 

Proof. Let A be an indecomposable t/o,r'-subgroup of H. By Fact 1.16, A ■ 
Fr'{B2) is nilpotent. For r ^ r' , A centralizes Fr(B2), by Lemma 3.12. By 
Lemma 3.11, A centralizes F^^j.{B2) too. So A ■ F°{B2) is nilpotent by Fact 
1.14. By Fact 1.2, A ■ F{B2) < B2, and hence A < f (S2) n H < F{H). So 
Uo.r'(H) < Fr'{H), and these two subgroups are equal. D 

We adopt the notation Y := Uf),r'{H) (= Fr'{H))- We find that Y opposes 
the pull of X. 

Lemma 3.17. N^{Y) < B2 and Y > X. In addition, Uo,r'{Np(^B2){Y)) ^ H. 

Proof Let P := ^^'(Ba). Then Y < P hy Lemma 3.16. By Lemma 3.13, 
Fr'iB2) ^ H, soY < P. By Fact 1.13, Y < Uo,r'{N'^{Y)). Now Y > X hy 
Lemma 3.9, and Nq{Y) < B2 by maximality of H. D 

We can now prove one of our main results. 

Theorem 3.18. Every connected definable nilpotent subgroup of H is abelian. 

Proof. Since Up{II) — 1 for any prime p by Lemma 2.1, the Sylow p-subgroups 
of H are abelian, by Fact 1.6. For r ^ r' , Uo,r{II') = 1 by Theorem 3.10, so a 
Sylow [/o,r-subgroup of H is abelian by Fact 1.15 (or via Fact 1.11). If y' ^ 1, 
then Ng (Y') < Bi by Lemma 3.9, contradicting Lemma 3.17. So Y is abelian. 
By Lemma 3.16, Y is the unique Sylow C/o,r'-subgroup of H. Thus all Sylow 
subgroups of H are abelian. For any connected definable nilpotent subgroup 
K oi H, K is the central product of its (generalized) Sylow subgroups, by Fact 
1.14, so K is abelian. D 

We observe that H tends to be almost self-normalizing. 

Lemma 3.19. If H is nonabelian, then Nq{II) ~ H . 

Proof. By Lemma 3.17, N^{H) < N^{Y) < B2. Since H is nonabehan, 
NaiH) < N^{H') < Bi too, by Lemma 3.9. D 

3.5 Structure of Bi 

We now turn our attention toward the Fitting subgroup of Bi, and a Carter 
subgroup Q oi H. 

Lemma 3.20. F°{Bi) is divisible, and F°^jBi) < Z{H). 
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Proof. By Fact 1.17, Up{Bi) is centralized by Y. By Lemma 3.17, Up{Bi) < H. 
But Up{H) — 1 for any prime p, by Lemma 2.1. By Fact 1.6, F^^j.{Bi), and 
F°{Bi), are divisible. So -F;o,(Si) is central in Bi by Fact 1.3. By Lemma 3.17, 

F,l^ {B, ) < N^ (Y) < B, , and F,l^ (B,) < Z{H). D 

We observe that Up{Bi) — 1 for i — 1,2 and p prime, by Lemmas 3.11 and 
3.20. 

Lemma 3.21. Fr'iBi) = X. So Bi = N^iX). 

Proof. By Fact 1.16, Y ■ Fr'{Bi) is nilpotent. By Lemma 3.17, N^.p ,{Bi)(^) ^ 
H. So we obtain Fr'{Bi) < F by Fact 1.13. By Lemma 3.16, Y < ^(Ba), so 
Fr'{Bi)<X. D 

Corollary 3.22. Fr'{Bi) is abelian, andF°{Bi) < C^{X). 

Proof. By Theorem 3.18 and Lemma 3.21, Fr'{Bi) is abelian, and Fr'{Bi) < 
C^{X). For r ^ r' , Fr{Bi) < C^{X) by Fact 1.14. Also F°^^{Bi) < C^{X) by 
Fact 1.14. So F{Bi) < C^iX) by Fact 1.14. D 

We now examine a Carter subgroup Q oi H. 

Lemma 3.23. Uo,r'{Q) = Uo,r'{Z{H)), and this group is nontrivial. 

Proof By Lemma 3.17, UoyiH/H') ^ 1. So t/o,r'(Q) 7^ 1 by Facts 1.19-4 and 
1.11. By Theorem 3.18, Q and Y are abelian. By Lemma 3.16, U^yiff) < Y. 
So Ua.r'iQ) centrahzes both Q and H' < Y. Thus Uoy{Q) < z(h) by Fact 
1.19-4. Conversely, Z°{H) <Q. ' D 

Theorem 3.24. N^{Uo,r'{Q)) < B2. So N^{Q) < B2, and Q is a Carter 
subgroup of Bi . 

Proof We first show that iV^(C/o,r'(Q)) < B2. By Lemma 3.17, N^{Y) < 
B2. So we may assume that Uo,r'{Q) < Y, and hence H is nonabelian by 
Lemma 3.23. So Bi and B2 are the only Borel subgroups of G which con- 
tain H, by Proposition 3.7. By Lemma 3.23, H < N^{UayiQ)) < G, and 
hence N^{Uoy{Q)) < Bi U B2. By Lemma 3.21, N^{X) = Bi. Since Y = 
XUoy{Q) by Fact 1.22, 7V°^(t/o.r'(Q)) < ^g(^) ^ -^2 (by Lemma 3.17). So 

N°^{Uo,r'{Q))<B2. 

Thus N^{Q) < N^{Un.r'{Q)) < B2. By Fact 1.19-2, Q is a Carter subgroup 
oiBi. n 

We can now show that r' is the only reduced rank appearing in both F{Bi) 
and F{B2). 

Lemma 3.25. Fr{Bi) — 1 for r < ^0(^2) with r ^ r' . 
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Proof. Let T ■- F^(Bi). We claim that T < H. First suppose that fo(-B2) = 
r'. Then F • T is nilpotent by Fact 1.16. By Fact 1.14, Y centrahzes T. So 
T < N^(Y) < B2 by Lemma 3.17, and T < H. Next, suppose that fo{B2) > r' . 
Then Uo{B2) < Z(H) by Lemma 3.12. By Fact 1.16, U := Uo{B2) ■ T is 
nilpotent. If r 7^ ^0(53), then T < C°q{Uo{B2)) < B2 by Fact 1.14, and T <H. 
So we may assume that r ^ fo{B2). H T ^ B2, then Uo,r{Nlj{Uo{B2))) > 
Uo{B2) by Fact 1.13, but N^{Uo{B2)) = B2, a contradiction! Thus T <H. 

Since T < H, and Uo^r{H') = 1 by Lemma 3.10, T is contained in a Carter 
subgroup of H, by Fact 1.22. Now T <Q because T <]H. Clearly T < F°{H) 
too. By Theorem 3.18 and Fact 1.19-4, H = QF°{H) < C^{T), and hence 
T < Z{H). 

Now consider the case where r > r' . Then Fr'{B2) ■ T is nilpotent by Fact 
1.16. So Fr'{B2) < C°q{T) by Fact 1.14, a contradiction to N'^{T) = B2 if 

Finally consider the case where r < r' . Since T < Z{H), TY is abclian by 
Theorem 3.18. Recall that y < ^(^2) by Lemma 3.16. Let P := C/o,r'(^F(S2)(^))- 
Then [x, h] (^ Y for any x G X and any h € P, and hence [x, h] — [x, hf = [x, /i*] 
for any t eT. So [h,t] = h-^h* e Cg{X). Now [P,T] <Y hy Lemma 3.9 and 
Fact 1.15. Since P is nilpotent, and T commutes with Y, the product TP is 
nilpotent. By Fact 1.14, P < N^{T) ^ Bi \i T ^ I, in contradiction with 
Lemma 3.17. D 

As a result, r' is also uniquely determined by Bi. 

Corollary 3.26. r' is the minimal reduced rank in F{Bi). 

Corollary 3.27. For r < fo{B2), a Sylow Uo.r-subgroup of H is a Sylow Uo,r- 
subgroup of Bi . 

Proof. By Lemma 3.25 and 3.21, Fr(Bi) < H. Since Q is a Carter subgroup 
of Bi by Theorem 3.24, Uo,r{Q)Fr{Bi) < H is a. Sylow t/o,r-subgroup of Bi by 
Fact 1.22. ' n 

3.6 Nonabelian intersections 

In closing, we can build upon Corollary 3.22 to produce a characterization of 
Bi. In §4, this fact will be used, together with Proposition 3.7, to show that all 
reasonable notions of maximal intersection are equivalent. 

Lemma 3.28. The subgroup C'q{X) is nonnilpotent. If H is nonabelian, then 
Bi is the only Borel subgroup containing Cq{X). 

Proof. By Lemma 3.9, Cq{X) < Bx. By Lemma 3.16 and Theorem 3.18, 
Uo.r'iQ) < C^{X). By Fact 1.14, Ua{Bi) < C^{X) too. By Theorem 3.24 
and Fact 1.14, Ua,r'{Q) ■ Uo{Bi) is nonnilpotent. So Cq{X) is nonnilpotent. 

We now suppose that H is nonabelian. Suppose also that another Borel 
subgroup of G, distinct from i?i, contains Cq{X). So there is a maximal pair 
B3,B4 whose intersection contains Cq{X). We may assume that foC^s) > 
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fo{Bi). Let K := C^(X)'. By Corollary 3.22, F°{Bi) < C^{X). So C^{X) < 
Bi by Fact 1.2, Now N^{K) = Bi. Since K < F{B3) n ^(^4), we have 
F°iB3) < eg (X), by Corollary 3. 22 (applied to the pair 53,^4). Thusfo(Bi) > 
foiB^) > fo{Bi) by Lemma 3.5. But, as F°(Bi) < B4, fn{Bi) > fo(Si) by 
Theorem 1.9, a contradiction. D 

Corollary 3.29. Suppose that H is not abelian. Then, for nontrivial definable 
Xi < X, Bi is the only Borel subgroup containing Cq{Xi). 

Lemma 3.30. Let B be a Borel subgroup of G, distinct from Bi. Suppose that 
Hi := {B n Bi)° is nonabelian, Bi,B is a maximal pair, and f(){Bi) > f(){B). 
Then B is F° (Bi)- conjugate to B2. 

Proof. We will apply the preceding results with the maximal pair Bi,B. We 
observe that H[ < F{Bi) n F{B). By Corollary 3.26 and Theorem 3.10, r' = 
fo{H[), and H',H[ < F,./(Bi). By Lemma 3.21, Fr'{Bi) < H,Hi. Let Q and 
Qi be Carter subgroups of H and Hi, respectively. By Lemma 3.24. Q and 
Qi are Carter subgroups of Bi. By Fact 1.19-3, Q'^ = Qi for some h e Bi. 
We may assume h e F°{Bi) by Fact 1.19-4. By Fact 1.19-4 and Lemma 3.21, 
H^ ^ Fr'{Bi)Q^ == Fr'iBi)Qi = Hi. Since Hi is nonabelian, B^ = B hy 
Proposition 3.7. D 

4 Conclusions 

Our main task is to understand how the results of §3 translate down to nonmax- 
imal intersections. This translation is immediate for results which describe the 
internal structure of _ff, such as Theorems 3.10 (applied to H' , not X) and 3.18, 
but such direct translations are not possible for a number of results, such as 
Lemmas 3.5 and 3.12. The following summarizes the most useful consequences 
for arbitrary intersections for Borel subgroups. 

Proposition 4.1. Let G be a minimal connected simple group of finite Morley 
rank, let Bi , B2 be two distinct Borel subgroups of G, and let H be a connected 
subgroup of the intersection BiH B2. Then the following hold. 

1. H' is rank homogeneous for r' := fo{H'), or trivial. 

2. Every connected nilpotent subgroup of H is abelian,. 

3. Fri{H) = Uoy{H) is the unique Sylow U^.r' -subgroup of H . 

4. Fr{H)<Z{H)forr^r', 

5. fo{CG{H')) > fo{H) if H is nonabelian. 

Proof. We may assume H is nonabelian because all five statements are trivial 
if H is abelian. Let B^,Bi be a maximal pair, containing H, with fQ^B^) > 
fo{B4). The first two conclusions follow immediately from Theorems 3.10 and 
3.18. The third conclusion follows from Lemma 3.16. For the fourth conclusion. 
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Fr{H) lies in a Carter subgroup Q by Fact 1.22, and H < QH' < C]j{Fr{H)) 
by Fact 1.19-4. By Lemma 3.5, foiBa) > foiBi) > fo{H). By Fact 1.14, 
Uo^B^) < Cc{H'), and conclusion five follows. D 

Corollary 4.2. Let G be a minimal connected simple group of finite Morley 
rank. Then a definable connected nonabelian nilpotent subgroup H of G is con- 
tained in exactly one Borel subgroup of G. In particular, a nonabelian Carter 
subgroup of any Borel subgroup of G is a Carter subgroup of G itself. 

In §3, Lemmas 3.5 and 3.12 told us much about the Borel subgroups in- 
volved, and this information is lost in Proposition 4.1- (4,5). Instead, we prove 
that, in the nonabelian case, all reasonable notions of maximal intersections are 
equivalent. In practice, this allows one to make direct use of the analysis of §3. 

Theorem 4.3. Let G be a minimal connected simple group of finite Morley 
rank, and let Bi,B2 be two distinct Borel subgroups of G. Suppose that H := 
{Bi ni?2)° is nonabelian. Then the following are equivalent. 

1. Bi and B2 are the only Borel subgroups of G containing H. 

2. If B3 and B/^ are distinct Borel subgroups of G containing H , then 
{BsHBiy^H. 

3. If B3 =/= Bi is a Borel subgroup containing H , then (i?3 fl Bi)° = H. 

4. Cq{H') is contained in Bi or B2. 

5. Bi and B2 are not conjugate under Cq{H'). 

6. fo(Si)7^fo(B2). 

The second and third clauses express the maximality of H in two different 
senses. The second clause corresponds to the sense of maximality used in §3, 
while the third clause has an a priori weaker sense. The first clause goes far 
beyond maximality, to assure uniqueness of the Borel subgroups, and the fourth 
and fifth clauses provide means to recognize maximal intersections "in the wild." 
We observe that the first and second clauses are equivalent, thanks to Propo- 
sition 3.7. To prove this theorem, we first treat the most subtle implication 
(4 ^=> 1) with a lemma. 

Lemma 4.4. Let G be a minimal connected simple group of finite Morley rank, 
and let Bi, B2 be two distinct Borel subgroups of G. Suppose that the intersection 
H := (Bi n B2)° is nonabelian, and that Cq{H') is contained in Bi. Then Bi 
and B2 are the only Borel subgroups containing H . 

Proof. Suppose toward a contradiction that i? is a Borel subgroup of G con- 
taining H which is distinct from Bi and B2. We may choose B such that 
II2 := (-B2 n B)° is maximal, subject to B ^ Bi,B2 and B > H. Consider a 
maximal pair B^jB^ containing H2, with fo(i?3) > fa^B^). By Corollary 3.29, 
B3 is the only Borel subgroup containing Gq{II'), so Bi = B3. Thus H ~ H2. 
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By Proposition 3.7, Bi = B^ and B4 are the only Borel subgroups containing 
their intersection. So we may assume that B4 ^ B2, as otherwise we are done. 
Therefore we may also assume that B = B4. So Hi := {Bi D B)° = {B3 n ^4)° 
is a maximal intersection containing H2, and we are free to apply §3 here. We 
observe that r' := fo(^') = ro{F{Bi) n F{B)), by Theorem 3.10. 

We first consider the case where Fr'{B2) < -Bi. Since H' is rank homo- 
geneous, Fact 1.14 says Fr{B2) < C^{H') < Bi for r j^ r' , and i^tor(^2) < 
Ca{H') < Bi. So F°{B2) < Bi. Hence F°{B2) < H, and H <] B2. By Corol- 
lary 3.22 (for Bi,B), F°{Bi) < N^{H') = B2. So Un{Bi) < H hy Fact 1.9, 
and fo(i?i) < fo{Hi). But this contradicts Lemma 3.5. 

We next consider the case where Fr'{B2) ^ Bi. Let P :— Fr'{H), Y :— 
Fr' (Hi), and M := 7V^(P). By Proposition 4.1-3, P = Uo,r' (H) is a Sylow Uo,r'- 
subgroup of iJ. Since P normalizes ^^'(^2), P-Fr'{B2) is nilpotent by Fact 1.16. 
By Fact 1.13, f/o,r'(^p.i.^,(i3,)(^)) > P- Since P = UoyiH), (M n ^2)° > H. 
Since iJ = (Pi 0^2)°, (^052)° ^ Pi- So M is contained in P2, by maximality 
oiH2 i=H). 

By Lemma 3.13, Fr'{B) ^ Pi. Since P normalizes Fr'{B), P ■ Fr>{B) is 
nilpotent by Fact 1.16. By Fact 1.13, C/o,r'(^p._F ,(i3)(-P)) > P ^o- As M < P2, 
we have Ua,r'{Np p ,(^)(P)) < P2 = P, contradicting the fact that P is a Sylow 
Po,r'-subgroup of H. D 

Proof of Theorem 4-3. The first three clauses are successively weaker, and clause 
4 implies clause 5. By Lemmas 3.5 and 3.6, clause 2 implies clause 6. Clearly, 
clause 6 implies clause 5. So we shall examine the implications 3 to 4, and 5 to 
1. Let Be be a Borel subgroup containing Nq{H'). 

We first assume clause 3, and show clause 4. Let Bx denote Pi, unless 
Pc = Pi, in which case we let B^ denote P2. By clause 3, P := {Be n Bx)° ■ 
By Lemma 4.4 (for Be, B^), Be > Cq{H') must be one of Pi or P2, so clause 4 
holds. 

We now assume clause 1 fails, and show that clause 5 fails. Then, for i — 1,2, 
Cq{H') ^ Bi, by Lemma 4.4. But Be, Bi and Pc,P2 are maximal pairs, by 
Lemma 4.4 again. So fo{Bc) > ro(Pi),ro(P2), by Lemma 3.28. By Lemma 
3.30, Pi is P°(Pc)-conjugate to P2. By Corollary 3.22, F°{Be) < C^{H'), as 
desired. D 

We can summarize §3, in the nonabclian case, as follows. 

Theorem 4.5. Let G, Pi, P2, and H satisfy the hypotheses and conditions of 
Theorem 4-3, and let r' ~ fo^H'). Suppose that fo(Pi) > fo(P2). Then the 
following hold. 

1. fo{Bi) > fo{H) = fo(P2). and N^{H) = H. 

2. Every connected nilpotent subgroup of H is abelian. 

3. Fr'{H) = Po,r'(P) is the unique Sylow Uo_r' -subgroup of H . It is con- 
tained in F{B2), and its normalizer° is contained in P2. 
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4- Fr{B2) < Z{H) for r ^ r' , and Fr'{B2) is nonabelian. So Fr{B2) is 
nonabelian iff r ~ r' . 

5. Carter subgroups of H are Carter subgroups of Bi, and their normalizers° 
are contained in B2. 

6. Fr'{Bi) = F{Bi) n F{B2) is rank homogeneous for r' , and Bi is the 
only Borel subgroup containing C'Q{Fr'{Bi)). 

7. Fr{Bi) = 1 for r < fo{B2) with r ^ r' . So r' is the minimal reduced 
rank in F{Bi). 

8. F°(Bi) andF°{B2) are divisible. 

Proof. Part 1 follows from Lemmas 3.5, 3.6, and 3.19. Part 2 is Theorem 3.18. 
Part 3 consists of Lemmas 3.16 and 3.17. Part 4 includes Lemmas 3.12 and 3.13, 
along with Corollary 3.14. Part 5 restates Theorem 3.24. Part 6 summarizes 
Lemma 3.21, Theorem 3.10, and Lemma 3.28. Part 7 is Lemma 3.25, along with 
Corollary 3.26. Part 8 is Lemmas 3.11 and 3.20. D 

5 Genericity of Carter subgroups 

We conclude this article by discussing an important open question: whether a 
group G of finite Morley rank possesses a Carter subgroup whose conjugates 
are generic in G. It is natural to ask whether the structure imposed by a 
nonabelian intersection can be used to prove the genericity of any related Carter 
subgroup. We show that genericity of conjugates holds for a Carter subgroups 
of a nonabelian intersection iff it is a Carter subgroup of both sides. 

Theorem 5.1. Let G be a minimal simple group of finite Morley rank, and let 
Bi, B2 be a maximal pair of Borel subgroups of G. Suppose that H :— {Bir\B2)° 
is nonabelian, and that fo(-Bi) > ro{B2). If Q is a Carter subgroup of H , then 
the following are equivalent. 

1. Q is a Carter subgroup of B2. 

2. Q is a Carter subgroup of G. 

3. U Q'~^ is generic in G . 
4- U ^'^ ^^ generic in G. 

To prove this, we recall the following fact. 

Fact 5.2 (cf. [1, Lemma 3.3]). Let G be a connected group of finite Morley 
rank, and let C be a definable almost self-normalizing subgroup. Suppose there 
is a definable subset J of G , not generic in G , such that G C\G^ Q J whenever 
g i NciG). Then U(C \ J)'^ is generic in G. 

We also need a lemma due to Frecon. 
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Fact 5.3 (Frecon, cf. [1, Lemma 3.5]). Let B be a connected solvable group 
of finite Morley rank, and let C he a Carter subgroup of B. Then there is a 
definable subset J of C, not generic in C , such that C C\ C^ C J whenever 
biNeiC). 

These two facts can be used to prove the foUowing. 

Lemma 5.4. Let G he a minimal connected simple group of finite Morley rank. 
Let H he a connected solvable subgroup of H , and let Q be a Carter subgroup of 
H. Then IJ -ff '^ is generic in G iff[_}Q'~^ is generic in G. 

Proof. The if direction is immediate because rk(lji7'^) > rk(ljQ'^). So we 
assume rk(Ug'=') < rk(G), and show that rk(lji?'=') < rk(G). Let iJ, := 
H \ IJQ^. By Fact 5.3 there is a set J C Q, not generic in Q, such that 
QnQ'' C JiorhQ H. By Fact 5.2, IJ Q" is generic in H, and rk(iJ,) < rk(i?). 
So rk(Ui?f ) < vkiG/NoiH) x H,) ^ rk(G') - rkiNaiH) + rk(i?,) < rk(G). 
Since H = H,U\J Q«, we have rk(U H^) < max(rk(U i7f ), rk(U Q«)) < rk(G), 
as desired. D 

We wih also need the fohowing two tools. 

Fact 5.5. Let G he a minimal simple group of finite Morley rank, and let Q be 
a Carter subgroup of G with divisible p-torsion. Then IJ Q*^ is generic in G. 

Proof. Let P be a divisible abelian p-subgroup of Q. Then P is contained in 
a maximal decent torus T (see [20]). By Fact 1.19-5, Nq{T) contains a Carter 
subgroup Qi of Cq{P). Since Q is a Carter subgroup of Cq{P) too, we may 
assume Q = Qi by Fact 1.19-3. So T < Q by Fact 1.3, and Q is a Carter 
subgroup of C°g{T). By [20], [JG°g{T)^ is generic in G, So [jQ^ is generic in 
G, by Lemma 5.4. D 

Fact 5.6. Let Q be a nilpotent group of finite Morley rank. Then 

Q' = Uo.iiQY ■ Uo.AQY ■ ■ ■ Uo,.HQ)iQy ■ U2{Q)' ■ u^iQ)' ■ ■ ■ 

Proof. Let P denote the product on the right hand side. Clearly P < Q' . By 
Fact 1.14, Q/P is abelian, so Q' <P. D 

Lemma 5.7. Let Q be a nilpotent group of finite Morley rank without divisible 
torsion, and suppose that C/o.r(Q) 7^ 1- Then there is a generic subset Q* of Q 
such that Uo^r{d{k)) ^ 1 for all k G Q*. 

Proof. There is a (not necessarily unique) maximal connected normal subgroup 
P oi Q such that Uo.r{Q/P) 7^ 1. Then P contains Uo.riQ)' for any r, and 
Up{QY for any prime p. So P contains Q' by Fact 5.6. Hence the normality 
assumption on P is superfluous. By Fact 1.5, Up{Q) < P for any prime p. By 
Fact 1.6, Q/P is torsion- free. If Uo,r{d{xP/P)) = 1 for some x <E Q*, then 
Uo.r{{Q/P)ld{xP/P)) ^ 1 by Lemma 1.11. So Uo,r{d{xP/P)) j^ 1 by the 
maximality of P. By Fact 1.11, Ua.r{d{x)) ^ 1, as desired. D 
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Proof of Theorem 5.1. We first observe that Bi and B2 satisfy Hypothesis 3.2. 
So clause 1 and clause 2 are equivalent, by Lemma 3.17. Lemma 5.4 proves that 
clauses 3 and 4 are equivalent. 

We next assume clause 2 and prove clause 3. Suppose toward a contradiction 
that U Q'^ is not generic in G. Then Q contains no divisible torsion, by Fact 
5.5. By Lemma 3.24, Uo,r'{Q) ^ 1. So there is a generic subset Q*, of Q such 
that Uo,r'{d{h)) ^ 1 for any h G Q*,, by Lemma 5.7. For i = 1,2, there is a 
set Ji C Q, not generic in Q, such that Q n Q'' C Ji for 5 G Bi, by Fact 5.3. 
Then Q* := Q*, \ (Ji U J2) is a generic subset of Q. By Fact 5.2, there is an 
/i G Q, n Qs, for some g i NaiQ). Since h G g;,, i^T := Uny{d{h)) ^ 1. By 
Theorem 3.18 and Lemma 3.21, H' , (Ha)' < C^{K). Since heQCiQ^, and Q 
is abehan, we have Q,Qs < C^{K) too, so H, Ra < C^{K). So Qs < Rs hes 
in either Bi or £2 by Proposition 3.7. Since Q^ is a Carter subgroup of either 
Bi or B2, h £ Q CiQ^ lies in either Ji or J2 by Fact 1.19-3, a contradiction. 

We next assume clause 2 fails, and show that clause 3 fails. For any group 
Q, rk(UgeG Q) < MG/Ng{Q) x Q) - rk(G) - rk{NG{Q)) + rk(Q). So rk(G) - 
MUgeG Q) ^ MNg{Q)/Q) > 0, as desired. D 

Corollary 5.8. Let G be a minimal connected simple group of finite Morley 
rank, and let Bi,B2 be two distinct Borel subgroups of G. Suppose that H := 
{Bi ni?2)° is nonabelian, and contains a Carter subgroup Q of both Bi and B2. 
Then fo(-Bi) 7^ fo{B2), and [J Q'^ is generic in G. 

Proof. We may assume that fo{Bi) > fo(i?2)- If ro{Bi) ^ fo{B2), then Bi 
and B2 are the only Borel subgroups containing H, by Theorem 4.3, and hence 
Theorem 5.1 applies. 

Suppose toward a contradiction that fo(-Bi) = ro(B2). Let ^3 be a Borel 
subgroup containing Nq{R'). For i = 1,2, Bi and B3 are the only Borel sub- 
groups containing their intersection Ri := {Bi n -83)°, by Theorem 4.3. Since 
Q is a Carter subgroup of Bi, and Q < R < B3, Q is a. Carter subgroup of 
Ri too. By Theorem 3.24, Q is a Carter subgroup of B^. By Lemma 3.21, 
Rl < Fr'iBs) < R,. By Fact 1.19-4, Ri = Fr-{Bs)Q = R2, contradicting 

Bi^B2. n 

Even if Q fails to be a Carter subgroup of B2 , one might hope to show that 
the conjugates of a Carter subgroup C of B2 are generic. However, a nonabelian 
intersection appears to place few constraints on C. 

On the positive side. Corollary 4.2 and Fact 1.19-2 show that a nonabelian 
Carter subgroup of any Borel subgroup of a minimal connected simple group G 
of finite Morley rank is actually a Carter subgroup of G itself. So it is natural 
to ask when these Carter subgroups are generic in G. 

Proposition 5.9. Let G be a minimal simple group of finite Morley rank, and 
let Q be a nonabelian Carter subgroup of G. If Q is not rank homogeneous, then 
y Q'^ is generic in G. 

We observe that nilpotent Borel subgroups with unipotent torsion are generic. 
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Fact 5.10. Let G be a minimal simple group of finite Morley rank with a nilpo- 
tent Borel subgroup B which is not divisible. Then [JB'^ is generic in G. 

Proof. By Lemma 2.1, BCiB^ = 1 for g ^ Ng{B). So gcncricity follows by Fact 
5.2. ' ' ' D 



Proof of Proposition 5.9. Suppose toward a contradiction that IJ Q is not generic 
in G, but that Q is not rank homogeneous. Since Q is nonabelian, there is a 
unique Borel subgroup B containing Q, by Corollary 4.2. By Fact 5.3, there is 
a set Jo C Q, not generic in Q, such that Q OQ^ C Jo for any 6 G -B \ Ng{Q). 

By Fact 5.5, Q contains no divisible torsion. If Q had bounded exponent, Q 
would be a Borel subgroup, by Fact 1.5, in contradiction with Fact 5.10. So Q 
is not of bounded exponent. 

Since Q is nonabelian, either C/o,r(Q)' 7^ 1 for some r, or Up{Q)' ^ 1 for 
some p prime, by Fact 1.14. We take p = in the former case and r = in 
the latter. First consider the case where Uo,s{Q) ^ 1 for some s ^ r. Then 
there is a generic subset Q* of Q such that Uo^s{d{h)) 7^ 1 for all /i £ Q*, by 
Lemma 5.7. Next consider the case where Uo,s{Q) = 1 for all s ^ r. We may 
assume that p = 0, since Q is not of bounded exponent. Since Q is not rank 
homogeneous, there is a prime q such that Uq{Q) 7^ 1. So there is a maximal 
connected subgroup P of Q such that Uq{Q/P) ^ 1. Clearly, Uq{Q/P) = Q/P. 
So, for any h ^ P, d{k) contains a g-element. In either case, there is a generic 
subset Q* of Q given by either Q.^, := Q* \ Jq or Q* := Q \ (P U Jo). 

By Fact 5.2, there is an ft, e Q, n Q^, for some g ^ Ng{Q). Since h (f P, 
either K :— Uo.s{d{h)) ^ 1, or d{h) contains a q-torsion subgroup K. By Fact 
1.14, Gg{K) contains the nonabelian nilpotcnt subgroup C/o,r(Q), or Up{Q). 
So B is the only Borel subgroups containing Gq{K), by Proposition 4.1. But 
Q,Q^ < Gq{K). So they are i?-conjugate by Fact 1.19-3, a contradiction to 
hi Jo. U 
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